Abstract Efficient tile sets for self assembling rectilinear shapes is of critical importance in algorithmic self assembly. A lower bound on the tile complexity of any deterministic self assembly system for an n 9 n square is Xð logðnÞ logðlogðnÞÞ Þ (inferred from the Kolmogrov complexity). Deterministic self assembly systems with an optimal tile complexity have been designed for squares and related shapes in the past. However designing Hð logðnÞ logðlogðnÞÞ Þ unique tiles specific to a shape is still an intensive task in the laboratory. On the other hand copies of a tile can be made rapidly using PCR (polymerase chain reaction) experiments. This led to the study of self assembly on tile concentration programming models. We present two major results in this paper on the concentration programming model. First we show how to self assemble rectangles with a fixed aspect ratio (a:b), with high probability, using Hða þ bÞ tiles. This result is much stronger than the existing results by Kao et al. (Randomized self-assembly for approximate shapes, LNCS, vol 5125. Springer, Heidelberg, 2008) and Doty (Randomized self-assembly for exact shapes. In: proceedings of the 50th annual IEEE symposium on foundations of computer science (FOCS), IEEE, Atlanta. pp 85-94, 2009)-which can only self assembly squares and rely on tiles which perform binary arithmetic. On the other hand, our result is based on a technique called staircase sampling. This technique eliminates the need for sub-tiles which perform binary arithmetic, reduces the constant in the asymptotic bound, and eliminates the need for approximate frames (Kao et al. Randomized self-assembly for approximate shapes, LNCS, vol 5125. Springer, Heidelberg, 2008) . Our second result applies staircase sampling on the equimolar concentration programming model (The tile complexity of linear assemblies. In: proceedings of the 36th international colloquium automata, languages and programming: Part I on ICALP '09, Springer-Verlag, pp [235][236][237][238][239][240][241][242][243][244][245][246][247][248][249][250][251][252][253] 2009), to self assemble rectangles (of fixed aspect ratio) with high probability. The tile complexity of our algorithm is HðlogðnÞÞ and is optimal on the probabilistic tile assembly model (PTAM)-n being an upper bound on the dimensions of a rectangle.
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Introduction
Self assembly is an autonomous process by which simple nanoscale components assemble into much complex nano structures. Self assembly is ubiquitous in nature in the form of lipid polymers and crystals. Theoretical foundations for understanding how to assemble these nano components into desired shapes is of central importance to nanotechnology. Applications of self assembly span from human health to nanoelectronics. Fundamental limits of optical lithography in circuit fabrication is being addressed by directed self assembly. Gold nanostructures are being used for drug delivery in a controlled fashion to treat cancer. It has been proven (Rothemund et al. 2004 ) that DNA crossover molecules can help in building stable structures.
The tile assembly model introduced by Winfree 1 has gained importance because of its close proximity to the physical self assembly process. This model is based on the theory of Wang's (Wang 1962 ) tiling of planar shapes. Informally this model has unit square tiles with a colored glue attached to each side. Two tiles can stick to each other along an edge only if they have a glue of the same color along the sticking edge. These tiles cannot be rotated during the self assembly process and they can only be translated. Given a target shape the goal is to design these tiles with colored glues so that they can be assembled into the target shape uniquely. The efficiency of the tileset is determined by the number of unique tiles used in the tileset. Initial work in this area focussed on the design of tilesets which can assemble the target shape exactly (Rothemund and Winfree 2000; Adleman et al. 2001; Aggarwal 2005; Kao and Schweller 2006) . Efficient tilesets were designed for self assembling squares by Rothemund et al. (2000) and Adleman et al. (2001) . Also, a lower bound of Xð logðnÞ logðlogðnÞÞ Þ on the number of unique tiles to self assemble a square has been established by Rothemund et al. (2000) .
The tile complexity lower bound is dictated by the Kolmogrov complexity. In all of these tilesets the information about the dimension is encoded in the tiles. As the dimension of the target shape increases the number of unique tiles also increases. The design of a large number of unique tiles is an intensive task. However copies of a tile can be created rapidly using PCR experiments. This observation has led to a new paradigm of concentration programming in self assembly systems. In a concentration programming model the information about the dimension is encoded in the relative concentration of the tiles. Thus the number of unique tiles in these systems is reduced considerably. However the price we pay on this model is that the final structure may not have the exact dimensions we are targeting. The difference between the target dimension and the assembled dimension is bounded by a certain probability. Currently there are two variants in concentration programming. In the first type the relative concentrations of the tiles may not be the same. This model, known as the non-equimolar model, was used in (Kao and Schweller 2008; Doty 2009 ) and (Becker et al. 2006) . In the second type the relative concentrations of all the tiles are equal. This model, called the equimolar model, was studied in (Chandran et al. 2009 ). Equimolar concentration programming is also referred to as the Probabilistic Tile Assembly Model (PTAM). Becker et al. (2006) , studied the problem of self assembling squares on the non-equimolar model. They showed how to self assemble squares and rectangles which are expected to have dimensions close to the target dimensions. The techniques introduced by Becker et al. suffered from high variance on the dimensions achieved. This shortcoming was addressed by Kao and Schweller (2008) . Later Doty (2009) independently considered the problem of making the idea of Kao (2008) more precise. Doty [2] showed that the line sampling estimate of n (the dimension of the square) can be made precise by estimating smaller parts of the binary representation of n. However this construction still needs to encode a binary number on the tiles to self assemble a n 9 n square. The constructions of both Kao (2008) and Doty (2009) are not simple and involve sub-tilesets to perform binary addition and division-thus have large hidden constants. In contrast one of the major results of our paper is to show how to construct simple tilesets without the need to have sub-tilesets to perform binary addition and division. Our algorithms can self assemble squares and rectangles with dimensions close to the target with high probability. Also, all the existing randomized techniques only address self assembly of squares. In this paper we also give constructions that can self assemble rectangles with a constant aspect ratio (a/b) and squares are a special case of these rectangles. These rectangles have dimensions close to target dimensions with high probability. Our rectangle constructions are applicable in the deterministic context as well. On the other hand, Chandran et al. (2009) have studied the complexity of selfassembling lines on the PTAM model. In our second result we show how to self assemble squares and rectangles (with a fixed aspect ratio) on the PTAM model with a tile complexity of HðlogðnÞÞ.
In this paper we use n to denote the target dimension that needs to be assembled and n 0 to denote the dimension of the final assembled structure.
Basics of the tile assembly model
The tile model t ¼ ðNðtÞ; SðtÞ; WðtÞ; EðtÞÞ 2 R 4 used in the assembly is a square shaped Wang tile with glues/symbols (from alphabet R) attached to each of the four sides. N(t), S(t), W(t), E(t) denote symbols attached to the north, south, west and east directions, respectively. Note that these tiles cannot be rotated and hence (r n , r s , r w , r e ) = (r e , r w , r n , r s ). A self assembly system is characterized by a five tuple hT, s, s, G, Pi . Tð& R 4 Þ is the tileset and is a collection of unique tiles used in the assembly process. The tile s is called the seed tile which is fixed at a particular location to initiate the assembly process. The symbol s is a positive integer that indicates the temperature of the model. The function G : R Â R ! f0; 1; . . .sg is called the bond strength function. For any two symbols x; y 2 R the function G(x, y) is defined as follows. Here denotes the empty symbol.
Gðx; yÞ
Informally the function G associates a glue strength with each symbol in R. A bond can only be formed between glues which are of the same type/symbol. The function P is the probability distribution associated with a subset of tiles in T. Since we study the self assembly of only planar shapes we consider only self assembly models which have a temperature s = 2.
Theoretically, we can think of the self assembly as a process that occurs on an infinite 2-dimensional integer grid. We define a null tile / as ð; ; ; Þ: The state of the self assembly process at any stage is represented by a mapping
means that there is no tile placed at position (x, y) on the integer grid. We define a set C := {(x, y)|C 0 (x, y) = /} as the configuration of the self assembly system. It is assumed that the seed tile s is placed initially at position (0,0) and the null tile / is placed on all the grid points except (0,0). Thus the initial configuration of the self assembly system is C = {(0,0)} and C 0 (0,0) = s. Given a configuration C we say that a tile t 2 T is attachable to C at (x, y) only if both the following constraints (C1 and C2) hold.
Let g 1 ¼ GðNðtÞ; SðC 0 ðx; y þ 1ÞÞÞ þ GðSðtÞ; NðC 0 ðx; y À 1ÞÞÞ Let g 2 ¼ GðWðtÞ; Eðx À 1; yÞÞ þ GðEðtÞ; Wðx þ 1; yÞÞ C 0 ðx; yÞ ¼ / ðC1 : position ðx; yÞ is empty)
neighbour tiles should provide enough strength)
Informally both these constraints mean that a tile t 2 T can be assembled to a configuration C at position (x, y) only if that position is empty and it could receive a glue strength of at least s from the neighbouring tiles if it were to be placed at position (x, y). If a tile t 2 T is attachable to C at (x, y), then the configuration C moves to a new configuration C 1 such that C 1 = C [ {(x, y)} and C 0 (x, y) = t. In the self assembly literature a configuration C is also referred to as a supertile C. We can describe the self assembly process with a directed acyclic graph D g = (V, E), where V is the set of all supertiles and E is the set of directed edges. There is a directed edge (C 1 ,C 2 ) if and only if 9t 2 T which is attachable to supertile C 1 to get the supertile C 2 . The in-degree of the initial supertile C [i.e., the seed tile s at position (0,0)] is zero. The self assembly process continues to move from one supertile to another with the help of some attachable tile t 2 T: The assembly process stops at a supertile C t if 9 = t 2 T which is attachable to C t . Such a supertile is called a terminal supertile. A tile system C ¼ h; T; s; s; G; Pi is said to produce a shape ! uniquely if all the terminal supertiles have exactly the same shape (including dimensions) as !: Deterministic assembly systems focus on the construction of tilesets which can uniquely assemble a given shape with the minimum tile complexity.
PTAM and concentration programming
PTAM hT, s, s, G, Pi, in contrast to deterministic assembly, can produce terminal supertiles which correspond to multiple shapes. However one of these shapes (close to the target shape) is produced with high probability. Note that the probability distribution function P, in PTAM is uniform. On the other hand the distribution P may not be uniform on the concentration programming model.
Our results
We summarize our results as follows. In our first result on the concentration programming model we introduce a new sampling technique based on the sum of random variables which follow geometric distribution. We then use this to show how to construct a supertile which can encode a binary number n 0 on the tiles such that jn 0 À nj\n with high probability (i.e., Xð1 À 1=n a Þ; for any fixed a [ 0). Next we introduce a new self assembly sampling technique called the staircase sampling. We then show how this sampling scheme can be used to self assemble squares and rectangles with constant aspect ratio such that jn 0 À nj\n with high probability.
Our second result in this paper shows how staircase sampling can be used on the PTAM model to self assemble rectangles (with fixed aspect ratios) with high probability. Our result has a tile complexity of HðlogðnÞÞ and is optimal on the PTAM.
3 Randomized self assembly with a sum of geometric distributions (on the concentration programming model)
The idea of assigning probabilities to various tile types was considered by Becker et al. (2006) . They introduced a concentration programming model tile system consisting of two tiles A ¼ ð; ; r; rÞ; A 0 ¼ ð; ; r; Þ and a seed tile s ¼ ð; ; ; rÞ: The glue strength function and the probability distribution of the tiles are defined as follows. G(r, r) = 2, P[A 0 ] = p and P[A] = 1 -p. The seed tile s is placed at (0,0). The self assembly grows a line from left to right. The tile A helps to increase the length of the line since G(W(A)) = G(E(A)) = 2. The tile A 0 terminates the assembly process since G(E(A 0 )) = 0. We can associate a random variable L corresponding to the length of the assembled line. It is clear that E[L] = 1/p since L follows a geometric distribution.
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So if we choose the concentration of tile A 0 such that P[A 0 ] = p = 1/n, then the expected length of the self assembled line is n. By adding a constant number of tiles to this tileset it is also possible to self assemble a square of expected size n 9 n. However this line sampling technique suffers from high variances on the dimensions. Kao et al. (2008) have focused on reducing the variance by introducing an extra tile A 1 ¼ ð; ; r; rÞ into the previous tile set. Note that the tile A 1 has exactly the same definition as A, however it has a different color (say red). Kao et al. associated a random variable R that corresponds to the number of red tiles (i.e., of type A 1 ) in a self assembled line of length L. It is easy to see that the random variable R follows a binomial distribution. Since R follows a binomial distribution, Kao, et al. bounded the quantity L/R by applying Chernoff bounds. However Kao et al.'s tileset needs tiles for computing the values of L, R and L/R. This means that we need sub-tilesets to perform binary addition and division. One of the contributions of our paper is to show that the same high probability bounds can be derived in a much simpler manner by considering a random variable that is expressed as the sum of multiple geometrically distributed random variables. We now give more details of our constructions. Theorem 1 is already known and gives the Chernoff bounds for the sum of random variables that follow a geometric distribution.
k X i is the sum of k independent geometrically distributed variables then for any 0\ 1; P½X ! ð1 þ Þl e Figure 1 further clarifies our idea. We now associate a random variable X corresponding to the length of the terminal self assembled line. We also associate the random variables X i ,1 B i B k corresponding to the length of the self assembly between tiles A 0 i-1 and A 0 i . Clearly X = P i=1 k X i ? (k ? 1) and each of the random variables X i follows a geometric distribution with a mean of 1/p where p is the probability of success. We now prove Theorem 2 based on our randomized self assembly technique. Later we will show how to add a constant number of tiles to this sampling technique to actually encode the binary value on to the tiles. Note that n 0 and n are used to denote the length of the self assembled line with sampling and the length of the target/required line, respectively.
Theorem 2 For any given 2 ð0; 1Þ and a positive integer n, the multi geometric sampling technique can self assemble a line of length n 0 such that jn 0 À nj\n with a probability of Xð1 À 1=n a Þ for any a n 2 logðe=2Þ 3logðnÞ :
Proof We have associated a random variable X corresponding to n 0 . Since X = P i=1 k X i ? (k ? 1) and each X i follows a geometric distribution we can apply Chernoff bounds in Theorem 1 as follows.
Let S 1 be the event that X ! ð1 þ Þl; Let S 2 be the event that X ð1 À Þl;
(By Chernoff bounds in Theorem 1)
Àl 2 3
Supertile to encode a binary string
We now show how our random sampling technique can be used to self assemble a supertile which can encode a binary string of log(n) bits whose value is n 0 . Building a supertile that can encode a given binary string is fundamental to the construction of several shapes. As shown by Rothemund and Winfree (2000) , given a supertile encoded with a specific binary string, we can build an n 9 n by adding only a constant number of tiles to the tileset. Deterministically optimal tilesets of size Hð logðnÞ logðlogðnÞÞ Þ exist for building n 9 n [see (Adleman et al. 2001) ]. In Kao and Schweller (2008) gave a tile assembly that can encode any binary value n 0 on the tiles. In Kao et al.'s construction the length of the sampling line does not have a direct correspondence to n 0 and requires a sub-tile assembly which performs division. In contrast, our multi-geometric sampling technique can achieve equivalent (proved in Theorem 2) stochastic properties for encoding n 0 in binary with a much simpler supertile construction. Figure 2 gives the overview of how this encoding is done with just a constant (7) number of tiles. The basic idea behind this binary encoding is to integrate a binary counter to the self assembling sampling line by modifying the binary counter tileset presented in (Rothemund and Winfree 2000) . Figure 2 shows the self assembly of a supertile with two geometrically distributed variables when the random variable X = n 0 takes a value of 13. In this example, X 1 = 6 and X 2 = 4. The green colored tile in Fig. 2 represents the seed tile. The tiles on the left part of the tileset vary with the number of variables used in the sampling process. If we use k geometrically distributed variables, then this would have 2k ? 1 (in this example k = 2) unique tiles. The right part of the tileset is independent of the number of variables and will always have 7 tiles in it. The binary value of n 0 is encoded on the tiles along the right corner of the supertile from top to bottom. We now summarize the discussion in this section with Theorem 3.
Theorem 3 For any given 2 ð0; 1Þ and a positive integer n there exists a tile system with constant tiles to encode a binary string of value n 0 such that jn 0 À nj\n with a probability of Xð1 À 1=n a Þ for any a n 2 logð1=2Þ
3logðnÞ :
4 The technique of staircase sampling
We now introduce our idea of staircase sampling. This technique helps in the randomized self assembly of rectangular shapes with a constant aspect ratio (a/b). The idea of randomized self assembly of rectangles was introduced by Becker et al. (2006) . Their idea generalizes the line sampling described in Sect. 3 for two dimensions (north, east). They associate two random variables M and N to these sampling lines to self assemble a m 9 n rectangle where m and n are the expected height and width, respectively. Since these are only expected dimensions their technique suffers from high variances on these dimensions. Also their technique will not work in self assembling much stronger classes of shapes such as a class of rectangles with constant aspect ratio. Note that the random variables M and N have a geometric distribution. If p n and p e are the probabilities of success along north and east, then the probability of producing a m 1 9 n 1 rectangle by the self assembly is
This will remain the same even if the aspect ratio is a constant (i.e. m/n = a/b), since both the random variables are assumed to be independent in their technique. Let R(a, b) :¼ {r(x, y): x/y = a/b} denote a class of rectangles with a constant aspect ratio. Given the dimensions of any rectangle rðna; nbÞ 2 Rða; bÞ our aim in this section is to show that we can self assemble rðn 0 a; n 0 bÞ 2 Rða; bÞ such that n 0 and n are very close with high probability. The key idea behind our sampling technique is to sample along the staircase in contrast to the existing techniques that sample along a straight line. We now show how to construct the tileset for staircase sampling.
Discussion on the tileset for staircase sampling
We introduce a ? b -1 unique tiles corresponding to the aspect ratio a/b of the rectangle we would wish to self assemble. Please see Fig. 3 to follow this discussion. All the symbols in Fig. 3 P; W; a 1 ; a 2 . . .a aÀ1 and b 1 ; b 2 . . .b bÀ1 have a glue strength of 2. The tiles which do not carry any symbol along sides are assumed to have a dummy symbol x which has a glue strength of 1 (i.e., G(x,x) = 2). With this definition of glue strength function G, the tiles t 1 ; t 2 . . .t a can deterministically self assemble into a horizontal line of length a ending with tile t a . Notice that the tile t a has a symbol b 1 on the top. Since the symbol b 1 has a glue strength of 2, the tiles t the self assembly process will not grow further vertically since the tile e 0 has no symbol on the top. The filler tile f 0 gets assembled into places which can provide a glue strength of 2 and completes the rectangle.
To further illustrate the idea consider the tileset shown in Fig. 4 to self assemble a rectangle with aspect ratio 4/3 (a = 4, b = 3). Figure 5 shows the actual assembly process. Notice that the tiles t 0 2 and e 0 play a key role in either increasing the width (and height correspondingly) or stopping further growth in the dimension of the rectangle. In general we attach a probability of success (p) and failure (1 -p) to the tiles t 0 b-1 and e 0 , respectively. We state the following Theorem 4 relevant to the discussion in this section.
Theorem 4 Given any three integers a, b, n [ 1 the staircase sampling technique can self assemble a rectangle with an expected width and height of na and nb, respectively.
Generalization of staircase sampling with multiple variables
We now apply the multi geometric distribution technique introduced in Sect. 3 to staircase sampling to derive high probability bounds on the dimensions of the terminal self assembled rectangle. We generalize the tileset for staircase sampling in Fig. 3 Fig. 3 . Also notice that previously we used the tile e 0 (in Fig. 3 ) to stop growth in the dimensions of the rectangle. However in this case we need to introduce k such tiles ðe 0 ; e 1 . . .; e kÀ1 Þ with an objective of moving from distribution i to distribution i ? 1. This is similar to the role played by the tiles A 0 i in Sect. 3. To accomplish this task we need to modify tiles e j-1 , 1 B j B k -1, to carry a symbol of P j along their right side. Finally, we introduce random variables X i , 1 B i B k, to indicate the number of tiles of type t 0 ib-1 during the ith stage of the multi geometric sampling. Let X := P i=1 k X i . Clearly if X = t then the final self assembled rectangle will have dimensions ta 9 tb. With this we state the following Theorem 5.
Theorem 5
For any given 2 ð0; 1Þ; and integers n, a, b [ 1, the multi geometric sampling combined with stair case sampling can self assemble a n 0 a 9 n 0 b rectangle such that jn 0 À nj\n with a probability Xð1 À 1=n q Þ for any q n 2 logðe=2Þ 3 logðnÞ h:
A direct corollary when a = b self assembles a square of dimension n 0 such that |n 0 -n| \ en with high probability. This is equivalent to what Kao and Schweller derived in 2008 without the need of any supertile that encodes a binary string. Thus we can conclude that combining multiple geometric variables with stair case sampling lets us derive high probability bounds for self assembling rectangles with constant aspect ratios.
Self assembly of rectangles on the PTAM model
We now show how our stair case sampling technique can be extended on the PTAM model to self assemble rectangles with fixed aspect ratios (a:b). The key idea behind our technique is the following tile binding diagram (Fig. 6 ). This is an extension to the linear tile binding diagram in (Chandran et al. 2009 ), replacing the linear binding assembly with the staircase component. This construction has n sub tilesets each of which can deterministically assemble a stair. It is easy to see that every terminal assembly produces a rectangle with fixed aspect ratio a:b. This is because of the sub tilesets which always assemble a stair with width a and height b. The filler tile (blue, see Fig. 6 ) fills up all the gaps and completes a rectangle. Now let the dimensions of this rectangle be aLL: The assembly becomes terminal iff we see Theorem 6 Let L be the random variable corresponding to the width (after self assembly) of a rectangle with fixed aspect ratio a:b. Then E[L] = 2 n?1 -2. Thus, we can self assemble a rectangle with an expected width of a 2 n?1 -2 and an expected height of b 2 n?1 -2.
Proof We associate a Bernoulli trial with every stage of the self assembly. We treat the binding of tile t 0 1 to To make this expected bound a high probability bound we can use a technique similar to the one in Sect. 3, which sums up a constant number of independent and identically distributed random variables (i.e., L = L 1 ? L 2 ? L 3 ?… ? L k ). Even though in our construction the dimension of the rectangle is a power of 2 we can easily add tiles which perform binary arithmetic and extend the result for any arbitrary N. Finally, this tile complexity is optimal on the PTAM, because the result in (Chandran et al. 2009 ) proves a lower bound of XðlogðNÞÞ to self assemble a line on the PTAM.
Theorem 7 There exists an algorithm on the PTAM to self assemble a rectangle (with a fixed aspect ratio) of dimension N using HðlogðNÞÞ tiles with high probability.
Conclusion
In this paper we have presented new constructions for probabilistic self assembly and derived high probability bounds on the dimensions of the terminal supertile. We conclude that probabilistic self assembly with a sum of random variables following geometric distribution is helpful in simpler self assembly constructions in contrast to the existing techniques presented in Kao et al. (2008) . We also have introduced a new idea of staircase sampling which is useful in assembling rectangles with constant aspect ratios. These shapes cannot be assembled with the existing probabilistic self assembly techniques.
Future work
Probabilistic self assembly is an exciting area especially because of the fact that we need only Hð1Þ tiles to self assemble shapes which are close to the target shapes. One future research will include the investigation of how the current techniques to self assemble squares and rectangles can be combined to self assemble Manhattan shapes within the Hð1Þ tile complexity. Another direction of research would be to explore probabilistic constructions of nonrectangular regular polygons.
